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Reciprocal ldentities

sin(@) = % csc(f8) = % csc(f) = S0
1

cos(8) = % sec(6) =% sec(0) = cos(0)

tan(8) =% cot(9) =% cot(8) = tanl(H)




®

— Ratlo ldentities

sin(@) = % csc(f) = %

cos(0) = % sec(0) = %

tan(0) —-E; cot(8) = f%
s n(H) COS(H)
tan( )= os(6) srn(@)
tan(@) __sec(H) csc(G)

sc(6) sec(@)



Pythagorean Identities

sin(0) = %

. sin®(8) + cos?(9) =1
cos(@) = T
sin®(f) cos*(6) 1

cos?(8) * cos?2(0) cos2(6)

tan?(0) + 1 = sec?(0)

sin“(f) cos*(A) 1
sinZ(8) * sin2(@)  sin2(6)

1 + cot?(0) = csc?(60)



Symmetry |dentities

The graph of sin(8) is symmetric about the origin,
therefore...

sin(—0) = —sin(0)

The graph of cos(6) is symmetric about the y—axis,
therefore...

cos(—6) = cos(0)

The graph of tan(8) is symmetric about the origin,
therefore...

tan(—60) = — tan(60)
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®

— oIN of Sums (and Differences)

cos(a+pB) sin a-sin

sin(e + f) = sina - cos f + cos a - sin B

sin(—f) = —sin 8
cos(—pB) = cos

sin(a — ) = sin(a + (—,3))

= sin a - cos(—f) + cos a - sin(—f)

sin(e — ) =sina -cos S —cos a - sin 8

cosa -sin B =

sin (a + )

sina - cosf

cosa - cospf

A
A



®

- COS of Sums (and Differences)

cos(a+pB) sin a-sin

cos(a + ) =cosa-cosfB —sina - sinf

sin(—f) = —sin 8
cos(—pB) = cos

cos(a — B) = cos(a + (—,3))

= cos a - cos(—p) — sin a - sin(—p)

cos(ad —f) =cosa-cosf +sina-sinf

cosa -sin B =

sin (a + )

sina - cosf

cosa - cospf

A
A



& TAN of Sums (and Differences)

| —tana-tanf tana-tan

tan a + tan 8
1—tana-tanf

tan(—pf) = —tan 8

tan(a — B) = tan(a + (—f))

_ tana + tan(—p)
~ 1—tana - tan(—p)

tan(a + f) =

tanf

tan o + tan f

tan a

tana —tan f
1+ tana-tanf

tan(a — f) =




®.

Double Angle Formulae

sin(e + f) =sina -cosf + cosa -sinf

sin(26) = sin(@ + 6) =sin@ - cos O + cos O -sin 6
sin(20) = 2 -sin 8 - cos O

cos(a + f) =cosa-cosf —sina-sinf

cos(20) = cos(0 +0) = cosO -cosf —sin G -sin 6

cos(20) = cos?6 — sin?6
cos(20) = (1 —sin®f) —sin“’d | =1 —2-sin®0

cos(26) = cos?8 — (1 — cos?6)



®.

Double Angle Formulae

tan a + tan 8

t =
an(a+4) 1—tana-tanf

tan 6 + tan 6

tan(20) = tan(0 +0) = T o tan o

2-tan @ cos? 6 B
tan(20) = " ‘ vl

sin(20) 2-sin@ - cos @

tan(260) = =
an(26) cos(26) cos20 — sin2%6




®

— Half Angle Formulae

cos(20) =1 — 2 -sin?0 cos(20) = 2 - cos?6 — 1
2 -sin’f = 1 — cos(20) 2 - cos?0 =1+ cos(260)
1 — cos(26 1+ cos(26
sin%0 = (26) cos?0 = (26)
2 2
_ 1 — cos(20) 1+ cos(26)
sinf = + cosf =+
2 2
?
2

Cos - = =+
5= T

1) \/1 + cos(@)

2




®

— Half Angle Formulae

)+ [0
fan E - @ =
cos 5 4 \/1 + CZOS(Q))
tan 0 _ i\/l — cos(9)
2 1 + cos(@)

o9 _ 1-cos@) JTtcos@® _ 1-cos’(®) | __sin(®)
2 \/1 + cos(0) \/1 + cos(0) 1+ cos(®) 1+ cos(Q)

tan 9 _ \/1 — COS(@) . \/1 — COS(Q)) _ 1 — COS(Q)) B 1 — COS(@)
2 \/1 + cos(0) \/1 — cos(0) \/1 — cos2() - sin(®)




TERRAMETRA

Trigonometric Laws

Terrametra Resources

Lynn Patten



& . “LAW of SINES”

v Equation 1 h=c-sind
v Equation 2 h=a-sinC

Equate the right sides of equations 1 and 2 and rearrange ...

v Equation 3 _a = _C
sin4A sinC
o a b b ¢
Similarly: sinA  sinB and sinB  sinC
“I AW of SINES”

a b C or sind sinB sinC
sind sinB sinC a b C




& “LAW of COSINES”

v Equation1  h? = c¢? — x?
v Equation2 h%? =a?—y? =a?— (b —x)*

Equate the right sides of equations 1 and 2 and rearrange ...

a’ — (b —x)? =c?—x? .
v Equation3 a? = b? +c? — 2bx AT D y C
v Equation4 x =c cosAd

b
Substitute for x from equation 4 into equation 3...
“LAW of COSINES” | a? = b? + c? — 2bc cos A 2bc
2 + 2 __ bZ
_
Similarly: D ac
2 _ 2 2 _
osE 2ab
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®

== Plane Triangle Areas

=
>

Area ABD = Area ABE =

o)

y-h
Area CBD = Area CBF = T
. b-h
vy Area of Triangle ABC... | Area = —
h=a sinC
. a-b-sinC
vv Area of Triangle ABC... | Area = >
_a- sin B
~ sind
: a?-sinB -sinC
v Area of Triangle ABC... | Areq =

2-:sSinA
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Equation 1

From triangle ABD...

Equation 2

Equation 3

From triangle CBD...

Equation 4

x =Vc2 — h?

(b — x)? + h? = a?
(b —x)? = a® — h?
b? — 2bx + x* = a* — h*



Equation 2 x% = c%* — h?

Equation 3 x =+Vc2 — h?
Equation 4 b? — 2bx + x* = a® — h?

Substitute x and x? from Equations 3 and 2 into Equation 4 ...
b? — 2bVc? —h?2 + (¢? — h?) = a? — h?
b? + ¢? —a? = 2bVc? — h?

Square both sides and rearrange ...

(b2+c2-a?)’
4b?

=C2—h2




2 (b2+cz—a2)2

h? =
4p2
B2 — 4bzc2—(b2+c2—a2)2
- 4b2
B2 — (2bc)2—(b%+c%—a?)’
o 4b2

5 [2bc+(b?+c?-a?)|-[2bc—(b%+c%—a?)]
- 4b2

h




B2 — |2bc+(b?+c?—a?)||2bc—(b%+c?—a?)]
4p?

B2 — |2bc+b?+c?—a?||2bc—b?—c?+a?]
4p?

B2 — |(b2+2bc+c?)-a?|-|a?—(b2-2bc+c?)]
4p?

B2 — |(b+c)2-a?]-[a?—(b—c)?]
4p?

h2 _ [(b+c)+al-[(b+c)—a] - [a+(b-c)]-[a—(b—c)]
4b?

n2 — (b+c+a)(b+c—a)(a+b—c)(a—b+c)

4bp2



(b+c+a)(b+c—a)(a+b—-c)(a—b+c)

4p?
h2 = (a+b+c)(b+c—a)(a+c—b)(a+b—c)
4b?
n2 = (a+b+c)(a+b+c—2a)(a+b+c—2b)(a+b+c—2c)
4p?
Since ... P=a+b+c
h2 = P(P—-2a)(P—-2b)(P—-2c)
4b?
Equation 5 p = (P(P—2a)(P=2b)(P-20)

2b



Equation 1 Area = bz;h

__ /P(P-2a)(P-2b)(P-2c)
- 2b

Equation 5 h

Substitute A from Equation 5 into Equation 1 ...

lb JP(P-2a)(P—2b)(P—2c)

Area =

2 2b
Areq — \/P(P—za)(i—Zb)(P—ZC)
Areq = \/P(P—Za)(P1—62b)(P—Zc)



Areq = \/P(P—Za)(P1—62b)(P—Zc)

area = ) (57) (59 (5)
srea= [FG-0)G-2) G-

Since ... s=P/2= (a+b+c)/2

Area = \/S(S —a)(s—b)(s—1c)



®.

Heron’s Formula

Given the three sides of a triangle (a, b, and ) ...
The area of the triangle is:

Area = \/S(S —a)(s=b)(s—c)

Where the semi-perimeter is:
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Law of Cosines

Law of Sines

Law of Cotangents

Spherical Excess




®

— BasIC Assumptions

Sides AD and AP are tangent at A
such that ...

¥y  DAP =spherical angle A
v  DAO =90°
v  PAO =90°




®

== Plane Trig Formulae

In plane triangle DPO ...

v Equation 1

DP? = D0O? + PO*—2-DO - PO - cosa
In plane triangle DPA ...

Vv Equation 2

DP? = AD* + AP* —2-AD - AP - cos A
In plane triangle ADO ...
v Equation 3

DO? = AD? + AO*
In plane triangle APO ...

v Equation 4
PO? = AP? 4+ A0?




v Equation 1
DP? = DO? + PO? —2-DO - PO - cosa
v Equation 2
DP? = AD? + AP?> — 2 -AD - AP - cos A

Equate the right sides of equations 1 and 2 and rearrange ...
DO? + P0O?—-2-DO - PO -cosa =
AD? + AP? —2-AD - AP - cos A

v Equation 5

DO? + PO% — AD? — AP?2=2-D0O-P0O-cosa—2:-AD - AP - cos A




Vv Equation 3
D0O? = AD? + A0?
Vv Equation 4
P0O? = AP? + A0?

Add equations 3 and 4 and rearrange ...
DO? + PO? = AD* + AP? + AO? + AO*?

v Equation 6
DO? + P0O? — AD? — AP? = 2 - AD?




v Equation 5
DO? + PO? — AD? — AP?> =2-D0O -PO -cosa —2+-AD - AP - cos A
v Equation 6

DO? + PO? — AD? — AP? = 2 - AO?

Equate the right sides of equations 5 and 6 and rearrange ...
2-DO-PO-cosa—2+-AD - AP -cosA = 2 - AD?

DO - PO -cosa = A0 - AO + AD - AP - cos A

AO-AO AD-AP
DO -PO ' DO-PO°”

cosa =cosf-cosu+sinf -sinu-cosA

cosa =




& “LAW of COSINES”

cosa =cosf-cospu+sinf-sinu-cosA

Note... a=a pB=b u=c

“LAW of COSINES”

v Egquation 7
v Egquation 8
v Equation 9




Rearrange equations 7,8 and 9 ...
Vv Equation 10 (from equation 7)

cosa —cosb-cosc =sinb-sinc-cosA

Vv Equation 11  (from equation 8)

cosb —cosa-cosc =sina-sinc-cosB

Vv Equation12 (from equation 9)

cosc—cosa-cosb =sina-sinb-cosC




Vv Equation 10 (from equation 7)

cosa —cosb-cosc =sinb-sinc-cosA

Square both sides of equation 10

2

cos?a—2-cosa-cosb-cosc+ cos?b - cos?

2

c =sin?b -sin®c- cos? A

Apply the trig identity ... cos?8 =1 —sin? 8
(1 —sin?a) — 2 cosa cosb cosc + (1 —sin? b)(1 — sin? ¢) = sin? b sin? ¢ (1 — sin? 4)

2

1—sin?a—2 cosa cosb cosc +1 —sin?b — sin? ¢ + sin? b sin?c¢ =

sin® b sin® ¢ — sin? b sin® ¢ sin® A
Vv Equation 13  (from equation 10)
2 2

2

a—sin’b —sin?c—2-cosa-cosb-cosc = —sin?b -sin?c-sin? A

2 — sin




© AW of SINES”

Vv Equation 13 (from equation 10)
2 2

2 —sin?a —sin®b —sin?c—2-cosa-cosb-cosc = —sin?b - sin® ¢ - sin? A

Vv Equation 14 (from equation 11)

2 —sin®a —sin®?b —sin?c—2-cosa-cosb - cosc = —sin®a - sin? ¢ - sin® B
Vv Equation 15 (from equation 12)
2 —sin?a —sin®?b —sin’c —2-cosa-cosh - cosc = —sin?a - sin? b - sin? C

Equate the right sides of equations 13, 14 and 15 and rearrange ...

—sin?b -sinc-sin?4 = —sin?a - sin®c-sin? B = —sin? a - sin? b - sin® C

sinb -sinc-sinA =sina-sinc-sinB =sina-sinb -sinC

“LAW Of SINESM sina _ sinb sinc

sindA sinB sinC




v Equation16 (Law of Sines)
sinb - sinA = sina - sinB
Vv Equation 17 (Law of Cosines)
cosa =cosb-cosc+sinb -sinc-cosA
Vv Equation18 (Law of Cosines)

cosb =cosa-cosc +sina-sinc-cosB

Vv Equation 19 (Law of Cosines)
cosc =cosa-cosb +sina-sinb - cosC

O

Substitute the right side of equation 18 into equation 17 for cos b
cosa = (cosa-cosc+sina-sinc-cosB)-cosc+sinb -sinc-cos4



cosa = (cosa-cosc+sina-sinc-cosB):-cosc+sinb-sinc-cosA

cosa = cosa-cos?c+sina-sinc-cosc-cosB +sinb -sinc:-cosd

cosSa — cosa-cos?c =sinc-sina-cosc-cosB + sinc-sinb - cosd

cosa- (1 —cos?c) =sinc-(sina-cosc-cosB +sinb - cos A)

Apply the trig identity ... sin?6 = 1 — cos? 8

2

cosa - sin“c =sinc- (sina-:cosc-cosB + sinb - cosA)

cosa-sinc =sina-cosc-cosB +sinb-cosA

v Equation 20

sinb -cosA = cosa-sinc—sina-cosc:-cosB




& . “LAW of COTANGENTS”

v Equation 20
sinb - cosA = cosa-sinc —sina-cosc-cosB

v Equation 16

sinb -sinid = sina -sin B

Divide equation 16 into equation 20 and rearrange ...

sinb-cosA cosa-sinc—sina-cosc-cosB

sinb -sinA sina -sinB

“LAW of COTANGENTS”

cota-sinc —cosc-cosB sin B
cotd = , ..0lM... | tanA4 = _
sin B cota-sinc —cosc-cosB




®.

Spherical Excess

“SPHERICAL EXCESS”

E=A+B+(C—180°




